Defined here is an orthogonal multiplication for vector spaces with indefinite nondegenerate scalar product. This is then used, via the Hopf construction, to obtain harmonic maps between pseudo-Riemannian spheres and hyperbolic spaces. Examples of harmonic maps are constructed using Clifford algebras.
I. Harmonic maps between pseudo-Riemanñian manifolds
(1.1). In 1972 R. T. Smith ([S] ) noticed that so-called orthogonal multiplications gave nice harmonic maps by applying the Hopf construction. This construction has not been done for vector spaces with an indefinite scalar product. There is a growing interest in physics in harmonic maps between pseudoRiemannian manifolds, especially since they have applications in string theory. For this reason it is useful to apply the Hopf construction to pseudo-Riemannian spheres and hyperbolic spaces to obtain new harmonic maps.
In Parts I and II we shall give a theoretical background for the construction of harmonic maps. Many of the properties shown for pseudo-Riemannian manifolds are transcriptions of those from the Riemannian case in that we follow the results of [B] . For a review of the general properties of harmonic maps and the techniques used in this theory, see [ELI] and [EL2] .
All the manifolds and maps considered in this paper are of the class C°°u nless otherwise specified. and has constant sectional curvature equal to ex ■ Kx . The space Z(l, Kx) is called a pseudo-Riemannian sphere and Z(-1, Kx ) is called a pseudo-Riemannian hyperbolic space. They will be denoted respectively by Sp,q~ and Hp~ '9 .
By analogy we may describe geometrical properties of the space E(e2, K2). In the present paper we construct harmonic maps between spaces of the above type.
There is the following natural homothetic transformation Xx:-L(ex,Kx)^Z(e, 1)
such that X\(x) = (Kx) 'x where í e R?'' . Then xx is an affine diffeomorphism. Similarly we construct this expression x2 from Z(e2,K2) to X(e2, 1).
Remark 1.3.1. It is easy to notice that if there are given functions cp and (p such that the following diagram
S(e,, 1) ^U E(e2,l)
commutes, then cf> is harmonic iff <p is harmonic. Because of the above remark, we shall concentrate only on the spaces of the sectional curvature ±1 . We shall also adopt the following notation: I.(ex) := I(e,, 1) and S(e2) :=S(e2, 1). Remark 1.3.2. Let A: Rp'q -* Rq'p be the map such that A(xx, ... , xp, xp+x, ... , xp+q) = (xp+x, ... , xp+q, xx, ... , xp) ; then A is an affine diffeomorphism and A(L(ex)) = Z(-e,).
It also has the following property: if /: X -» 2(e,) and g: 2(e,) -> Y are functions between pseudo-Riemannian manifolds, then / is harmonic iff Ao f is harmonic; the same equivalence we have for g and go A. Of course, these properties are also valid for H(e2) and the respective affine diffeomorphism reversing the signature of the space R5 ' '.
Let i: Z(e) -► Rp'q be an inclusion map, e G {-1, 1} and let /: Rp'q -> R he a smooth map. Lemma 1.3.3. With respect to the above notations, we have that
where || = df(f-) and - §¡l is a vector field defined locally on a neighborhood ofL(e) such that (■ §-, ¿) = e aAZúf ^(x) is proportional to x.
Proof. We have a general formula for the tension field of a composition of functions:
x(f o i) = df (r(i)) + Tr(Vdfi)(di, di) (cf. [ELI] ). This formula is also valid for the pseudo-Riemannian case. On the other hand, we have that x*P'\fi) o i = Tr(Vdf)(di, di) + ed-^. We have the following property: Lemma 1.3.6. Let j: 3(e) -► Rst be a canonical inclusion and let ip: X -► E(e) be a smooth map between Riemannian manifolds; then the following conditions are equivalent: (*) <f> is harmonic (**) t(J°0) is orthogonal to E(e) in Rs''.
For the proof see [S] , [ELI] . The same lemma works for the pseudo-Riemannian case. is a 2-homogeneous polynomial and F(Z(e,)) c E(l).
Moreover, if px +qx -p2-q2 -0, then F is harmonic and hence, by Corollary for all (px, qx), (p2, q2) and for (s, t) induced by the first two signatures.
Example II.2.2. Let Q, : R -► R be a quadratic form such that Qx(t) :--t .
Then the Clifford algebra C(QX) has a linear basis {1, ex} where ex-ex -\. There is given a scalar product ( , ) on the space C(QX) suchthat (x,y) := ^(x-y + y-x) and with respect to this product, C(QX) is isometric with R1 '' . The multiplication in the Clifford algebra C(QX) is orthogonal.
Example II.2.3. Let Q2: R2 -> R be a quadratic form such that Q2(tx, t2) := -(tx)2 -(t2)2. Then the Clifford algebra C(Q2) has a linear basis {I, ex, e2, ex ■ e2} where ex ■ ex = I, e2-e2= I, and ex • e2 = -e2 ■ ex . It has a similarly defined scalar product as in the example above. Then C(Q2) is isometric with the space R ' . The Clifford multiplication in C(Q2) is orthogonal.
Remark II.2.4. If we consider a quadratic form Q2: R -» R such that Q2(tx, t2) = ~(tx)2 + (t2)2, then just as in Example II.2.3 we obtain the Clifford algebra C(Q2), which is vector space with a metric of signature (2,2). The multiplication in C(Q2) is orthogonal. This multiplication is equivalent with the one in C(Q2) in the sense of [P] .
III. Applications
Using the properties proved in Parts I and II, we may obtain some new harmonic maps between pseudo-Riemannian manifolds.
Example III.l.l. The orthogonal multiplication from Example II.2.2 gives the following harmonic map:^1 :S2-I-S1-1 such that (px(xx, x2, yx, y2) 
where (xx, x2, yx, y2) G C(QX). Using Remark 1.3.2, we may obtain from <px another harmonic map, H1 ' -»S1,1. Example III.1.4. R. T. Smith applied the Veronese map to construct harmonic maps between spheres (cf. [S] ). The same construction works in our pseudoRiemannian case. Namely, if x, y, z belong to C(QX) or to C(Q2), then the following map, (x,y,z)-r n/3 Ixy, xJ,yz, ^(xx-yy), -y=(xx + yy-2zz)
is 2-homogeneous and harmonic and preserves respective pseudo-Riemannian spheres. Hence, using once again Corollary 1.3.7 and Remark 1.3.2, we obtain from the above function four examples of harmonic maps.
Example III.1.5. Here is another pseudo-Riemannian variant of the Smith construction: if x , y belongs to C(QX) or to C(Q2), then the following map, (x, y) -(x , y , \Í2xy), is 2-homogeneous and harmonic and preserves respective pseudo-Riemannian spheres. Hence it produces examples of harmonic maps.
Remark III. 1.6. Other harmonic homogeneous polynomials preserving pseudoRiemannian spheres may be obtained from Toth's classification theorem (cf. [T] ), replacing real numbers by elements of C(QX) or C(Q2).
Final remark. In many constructions we use conjugations of elements of Clifford algebras C(QX) and C(Q2) in the formulas defining harmonic homogeneous polynomials. In some cases, even without the conjugations, these polynomials define desired maps. However, with these conjugations our harmonic maps have nice symmetries. Our maps are invariant with respect to the action of the Lie groups of elements whose scalar product is ±1 in C(QX) or C(Q2). The manifolds obtained by the standard factorization have natural pseudo-Riemannian structures. We may also factorize our harmonic maps. In each of the cases we obtain new harmonic maps. They may be regarded as a variant of the harmonic maps between projective spaces in the Riemannian case.
